Abstract. We provide the full set of renormalization group functions for the renormalization of QCD in the minimal MOM scheme to four loops for the colour group SU (N c ).
Introduction.
the wave function renormalization group functions to as far a loop order as is possible. For an arbitrary colour group this is to three loops for the wave functions and four loops for the β-function and quark mass anomalous dimension. Though we will also provide the former to four loops for SU (N c ). We will do this in two ways. The first is the direct evaluation of all the three loop Green's functions where the minimal MOM renormalization scheme definition is implemented directly. The second is by construction of the associated conversion functions and use of the renormalization group equations. This will serve as a check on our computations and allow us to deduce four loop information. One of the reasons for the direct renormalization is that it provides a non-trivial independent check on the results of [6] . There the β-function was adduced from known finite parts of Green's functions given in [10] . As a separate exercise we choose to work in a minor variation of the original minimal MOM scheme and that is to renormalize the gauge parameter, α, in the full ethos of the minimal MOM scheme. In [6] the renormalization of the gauge parameter is completely equivalent to that of the MS scheme. Though our results will equate for the Landau gauge. A similar issue for α arises in the RI ′ case [11] . Finally, given the interest in the behaviour of the effective coupling constant in the Landau gauge and its power law deviation, we will provide the minimal MOM anomalous dimension of the operator thought to be associated with the dimension two correction which is 1 2 A a µ A a µ where A a µ is the gluon. This is in order to allow one to perform a complete renormalization group running analysis in the minimal MOM scheme for such infrared problems.
The paper is organized as follows. We recall the definition and properties of the minimal MOM scheme in section 2 before recording our results in the subsequent section. These include the renormalization group functions and the conversion functions for an arbitrary colour group. For MS renormalization group functions which are only known at four loops for SU (N c ), we provide the corresponding minimal MOM scheme results in section 4 together with those for the dimension two operator anomalous dimension. A conclusion is provided in section 5.
Formalism.
We begin by recalling the definition of the minimal MOM scheme, [6] . First, if we denote bare quantities in the QCD Lagrangian by the subscript o , then in our notation the renormalization constants, Z i , are given by
where A a µ is the gluon, c a is the Faddeev-Popov ghost and ψ i is the quark. The indices have the ranges 1 ≤ a ≤ N A , 1 ≤ i ≤ N F and 1 ≤ I ≤ N f where N F and N A are the respective dimensions of the fundamental and adjoint representations of the colour group and N f is the number of massive quarks each of the same mass m. The coupling constant is g and α is the gauge parameter of the linear covariant gauge. The Landau gauge corresponds to α = 0. We use the above definition of the renormalization of α to be consistent with [11] . Throughout we use dimensional regularization in d = 4 − 2ǫ spacetime dimensions and the mass scale µ is introduced to ensure the coupling constant is dimensionless in d-dimensions. With these formal definitions of the renormalization constants they are then determined explicitly by specifying a scheme to absorb the infinities in the various 2 and 3-point functions of the theory. For instance, MS corresponds to removing only the poles in ǫ together with a certain finite part at some subtraction point.
For momentum subtraction schemes, denoted generally by MOM, the scheme is defined such that at the subtraction point the poles in ǫ together with all the finite part are absorbed into the renormalization constant, [5] . For the QCD Lagrangian this produces several different schemes since there are several vertices which one can use to define the coupling constant renormalization. Choosing one, say, means that the remaining vertex functions are finite and consistent with the Slavnov-Taylor identities. The variation on this approach introduced in [6] is that the 2-point functions are renormalized using the MOM criterion of [5] but the 3-point vertices are treated differently. Specifically, to ease comparison with lattice analyses the completely symmetric subtraction point of [5] is not used. Instead the asymmetric point is used where the external momentum of an external leg is nullified. Moreover, partly motivated by the non-renormalization of the ghost-gluon vertex in the Landau gauge, [7] , the coupling constant renormalization is defined by ensuring that this vertex renormalization constant is the same as the MS one. One benefit of this, [6] , is that to define the scheme one only needs to know the vertex structure in the MS scheme which reduces work for non-perturbative applications. In our notation, (2.1), this corresponds to, [6] ,
where mMOM denotes the minimal MOM scheme. Though, in this formal definition it is important to appreciate that the variables g and α on either side of the equation are in different schemes. We note that throughout our convention is that when a scheme is specified as a label on a quantity then it is a function of the parameters g and α in that scheme. With (2.2) then all the renormalization constants of massless QCD are defined for the minimal MOM scheme, [6] .
As noted earlier in [6] the gauge parameter renormalization was treated as an MS one rather than define it as the full MOM renormalization as used in [5] . Therefore, we will follow the approach of [5] here and have a minimal MOM α. From the practical point of view our results in the Landau gauge will be the same and differ only in the α dependent part.
The procedure we have used is to apply the Mincer algorithm, [12] , to the massless QCD Lagrangian and compute all the 2-point functions as well as the ghost-gluon vertex at the asymmetric point. The quark mass anomalous dimension will be discussed later. This algorithm evaluates massless three loop 2-point functions to the finite part in dimensional regularization. It has been encoded, [13] , in the symbolic manipulation language Form, [14] , which is our main computational tool. The Feynman diagrams are generated by Qgraf, [15] , and the output converted into Form input notation. As all graphs are evaluated to the finite parts then we can extract the explicit renormalization constants in the minimal MOM. We do this first by renormalizing the 2-point functions before defining the coupling constant renormalization via (2.2). Then one proceeds to the next loop order. In using the definition of the coupling constant renormalization we have to relate the parameters between the schemes. For the gauge parameter this is given by
where we used the fact that we are in a linear covariant gauge which implies Z α = 1. To ensure a finite expression in ǫ emerges the parameters within Z mMOM A have to be converted to their MS partners. This is achieved order by order in perturbation theory. We have determined these to three loops and, with a = g 2 /(16π 2 ), found
and
where ζ(z) is the Riemann zeta function. The group Casimirs are defined by
where T a are the generators of the colour group whose structure functions are f abc . In (2.4) and (2.5) the variables on the right hand side are in the MS scheme. For the Landau gauge it is easy to see that then the parameters coincide. We have checked that (2.4) agrees with the alternative definition of the mapping given in [6] based on the actual finite parts of the gluon and ghost 2-point functions after their MS renormalization.
While we will perform a direct evaluation of the renormalization constants in the minimal MOM, there are several checks which will be carried out. One is to exploit properties of the renormalization group equation which allows one to map the anomalous dimensions deduced in each scheme via conversion functions which are denoted by C i (a, α) where i will be a label corresponding to a field or a parameter. First, we will perform the explicit renormalization in the minimal MOM and deduce the anomalous dimensions directly. Then we will compute the conversion functions and from these construct the anomalous dimensions indirectly. Thus if we define the conversion functions by
where φ ∈ {A, c, ψ}, then the minimal MOM renormalization group functions are given by
Here MS → mMOM means that after computing the right hand side the expression will be a function of MS variables and these must therefore be converted to minimal MOM ones. The relations are given by inverting (2.4) and (2.5). One benefit of this formalism is that it can be exploited to produce the four loop anomalous dimensions and β-function. The reason for this is that the three loop conversion functions give a four loop contribution to the minimal MOM anomalous dimensions and β-function and as the MS versions of these are known, [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] , then the left hand side can be deduced at four loops.
3 Results.
We now formally record our results. The one loop expressions will be the same as the MS ones since that term is scheme independent. This includes the β-function as we are using a mass dependent renormalization scheme and only in mass independent schemes is the two loop term scheme independent. Moreover, the β-function will be gauge dependent for the same reason. Therefore, we have *
3 * A data file is attached which gives an electronic version of all our expressions.
As the four loop MS β-function was computed for an arbitrary colour group, [23] , the general colour group Casimirs appear. In our notation they are defined by
and the totally symmetric rank 4 colour tensor is defined by, [27] ,
where the group generators are in the R representation.
For the anomalous dimensions only the three loop MS expressions are known for an arbitrary colour group, [21] . Thus to the same order the minimal MOM expressions are
We have checked explicitly that the gauge parameter satisfies
which is a check on our calculation.
Having provided the anomalous dimensions we have checked that they are completely reproduced using the conversion function approach. The explicit forms of these functions are
We use the convention that the variables on the right hand side are in the MS scheme.
While [6] provided the renormalization group functions for massless QCD it is possible to deduce the quark mass anomalous dimension to four loops for an arbitrary colour group. This requires the conversion function for the quark mass renormalization and the four loop MS anomalous dimension. The latter has been provided in [24] and [25] . To deduce the former we work in the massless theory but renormalize the associated mass operator by inserting it in a quark 2-point function at zero momentum insertion. This was the procedure used in the original three loop MS renormalization of [28, 29] . We then use the renormalization condition that there is no finite part at the subtraction point. In this computational setup we can still use the Mincer algorithm, [12, 13] . Thus we can deduce the renormalization constant and hence the three loop quark mass conversion function which is
Equipped with this and the result of [24, 25] we find the minimal MOM quark mass anomalous dimension is
which involves the same rank 4 Casimirs as the β-function. We have checked the three loop part by the direct evaluation of the anomalous dimension using the minimal MOM renormalization constant. Given that we are considering a relatively new scheme we have also renormalized the flavour non-singlet vector current. This is important since it is a conserved physical current and its anomalous dimension is zero to all orders in perturbation theory. This is true in all schemes but we have checked this explicitly to three loops by repeating the above quark mass operator renormalization but using the vector current,ψγ µ ψ, instead. With the minimal MOM quark wave function renormalization constants and isolating the Lorentz channel of the Green's function with the inserted current corresponding to the transverse part, we have checked that the vector current renormalization constant is unity to three loops in the minimal MOM scheme. Thus the Slavnov-Taylor identity has been checked to this loop order with the above renormalization.
For more practical purposes it is useful to provide the explicit numerical expressions for SU (3). Thus we have 
Clearly it would appear that the series have large corrections at three loops. Though that for the quark wave function is best.
SU (N c ).
Although we have given the minimal MOM scheme results to as high a loop order as is possible for an arbitrary colour group, it is possible to provide the complete set at four loops for the case of SU (N c ). This is because the four loop MS anomalous dimensions of the gluon, ghost and quark are known for this colour group for an arbitrary linear covariant gauge fixing, [24, 26] . Using the electronically available data files associated with the latter article we have extended the various three loop minimal MOM results using the same method. This is also possible since we have the mapping for the gauge parameter between the two schemes at three loops. Thus for the gluon we have
where we have substituted the SU (N c ) values for C F and C A . Similarly, the ghost anomalous dimension is
Finally, the quark anomalous dimension is 
For practical purposes it is perhaps more appropriate to provide the explicit numerical values for all renormalization group functions at four loops for the SU (3) colour group. Thus There was an error in the derivation of the four loop quark mass anomalous dimension in the minimal momentum scheme. Using the conversion function and the four loop MS quark mass anomalous dimension, the four loop term of the latter was inadvertently subtracted instead of added in applying (2.9). Accordingly several equations need to be replaced by their correct versions. First, the correct version of equation (3.11) is The remaining results are unaffected by this change. Finally, the associated data file has also been corrected.
